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[1] The superposition T-matrix method is used to compute the scattering matrix elements
and optical cross sections for a wide variety of fractal-like soot aggregates in random
orientation at a visible wavelength 0.628 mm. The effects of the fractal dimension and
prefactor, the monomer radius, the number of monomers in the aggregate, and the
refractive index on light scattering and absorption by aggregated soot particles are
analyzed. It is shown that the configuration of the monomers can have a substantial effect
and that aggregation can result in a significant enhancement of extinction and scattering
relative to those computed from the Lorenz–Mie theory, assuming that there are no
electromagnetic interactions between the monomers. Thus one must take the effects of
soot agglomeration and cluster morphology into account in radiative transfer modeling
and remote sensing applications.
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1. Introduction

[2] Soot aerosols, well known as air pollutants, are pri-
marily produced by imperfect combustion of fossil fuels and
biomass burning. Knowledge of the absorption and scatter-
ing properties of soot particles is essential in a variety of
applications such as optical diagnostics for industrial aerosol
processes and combustion [Mikhailov et al., 2001; Sorensen,
2001], environmental issues (e.g., visibility and haze prob-
lems), remote sensing [Kaufman et al., 2002; Mishchenko et
al., 2004a], and astrophysical phenomena involving the
effect of interstellar grains on light propagation and scatter-
ing [e.g., Videen and Kocifaj, 2002; Borghese et al., 2003].
In the realm of terrestrial atmospheric physics, soot aerosols
are perhaps the most important particulate absorber in the
troposphere [Sato et al., 2003]. Despite significant recent
progresses in theory, model simulations, and measurements,
the degree of quantitative understanding of the direct and
indirect radiative forcings caused by carbonaceous aerosols
remains limited [e.g., Christopher et al., 2000;Haywood and
Boucher, 2000], in part because of the complicated mor-
phology of soot aerosols [e.g., Abel et al., 2003] and their
tendency to mix with other aerosol species and act as cloud
condensation nuclei.
[3] Carbonaceous soot particles frequently exist in the

form of clusters of small, nearly spherical monomers

(spherules). It has been demonstrated that the morphology
of soot aerosols is well represented by fractal clusters
described by the following statistical scaling law [Mikhailov
et al., 2001; Sorensen, 2001]:

NS ¼ k0
Rg

a

� �Df

; ð1Þ

where a is the monomer mean radius, k0 is the fractal
prefactor, Df is the fractal dimension, NS is the number of
monomers in the aggregate, and Rg, called the radius of
gyration, is a measure of the overall aggregate radius. The
latter is defined by

R2
g ¼

1

NS

XNS

i¼1

r2i ; ð2Þ

where ri is the distance of the ith sphere to the cluster’s
center of mass. On the log-log plot of NS versus Rg/a for a
set of aggregates, the fractal dimension and the prefactor
describe the slope and the intercept of the least squares
linear regression fit, respectively. Both k0 and Df must be
known in order to specify the structure of a fractal
aggregate. The monomer diameter is approximately con-
stant within a single flame but changes from flame to flame.
The number of monomers per aggregate varies widely
depending on position within the flame.
[4] Taken as a whole, a cluster of small soot spherules is

fundamentally nonspherical in shape. Mackowski [1995,
2005] studied the radiative absorption properties of soot
clusters in the Rayleigh limit. Fuller et al. [1999] performed
perhaps the most extensive analysis of the effect of aggre-
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gation on extinction by carbonaceous particles based on an
exact superposition technique for solving the Maxwell
equations [Fuller and Mackowski, 2000]. They studied
how the absorption and scattering efficiencies of soot are
modified upon aggregation of monomers into linear chains
of up to ten spheres. However soot particles commonly exist
in the form of aggregates containing from fewer than ten to
hundreds and even thousands of spherules [e.g., Li et al.,
2003]. Furthermore, Fuller et al. have only considered
chain-like soot clusters rather than the more realistic fractal
aggregates and have not studied the angular distribution and
polarization of light scattered by soot aerosols.
[5] Kimura [2001] used the discrete-dipole approxima-

tion to compute the phase function and the linear polariza-
tion ratio for ballistic particle–cluster (Df � 3) and ballistic
cluster–cluster (Df � 2) carbon aggregates with three
different monomer radii. More recently, Klusek et al.
[2003] presented a compendium of results for the scattering
matrix elements of different fractal-like aggregates computed
with an algorithm based on the volume integral equation
formalism and the method of moments [Manickavasagam
and Mengüç, 1997] and discussed the angular patterns of the
scattered light as functions of cluster parameters. However,
they have not performed a parallel study of the depen-
dence of integral optical characteristics on the structure of
soot aggregates.
[6] In this paper we attempt a more comprehensive

theoretical approach to the problem of soot aerosols. Spe-
cifically, we use the superposition T-matrix method for
multisphere clusters in random orientation to study the
effects of aggregation on both the integral and the angular
optical properties of soot particles. We present the results of
extensive computations for systematic sequences of cluster
morphologies and discuss their potential importance in
climate and remote sensing applications.

2. Numerical Technique and Soot Cluster Models

[7] The key single-scattering characteristics of randomly
oriented particles forming a macroscopically isotropic and
mirror-symmetric medium are the ensemble-averaged scat-
tering, Csca, and extinction, Cext, cross sections and the
elements of the normalized scattering matrix [Mishchenko et
al., 2002]. In the standard {I, Q, U, V} representation of
polarization, the normalized Stokes scattering matrix has the
well-known block-diagonal structure [van de Hulst, 1957;
Mishchenko et al., 2002]:

~F Qð Þ ¼

a1 Qð Þ b1 Qð Þ 0 0

b1 Qð Þ a2 Qð Þ 0 0

0 0 a3 Qð Þ b2 Qð Þ
0 0 �b2 Qð Þ a4 Qð Þ

2
664

3
775; ð3Þ

where 0� � Q � 180� is the scattering angle. Thus only
eight elements of ~F (Q) are nonzero and only six of them
are independent. The (1, 1) element of the scattering matrix,
a1 (Q), is traditionally called the phase function and satisfies
the normalization condition

1

2

Z p

0

dQ sinQa1 Qð Þ ¼ 1: ð4Þ

Another useful quantities are the ensemble-averaged
absorption cross section, Cabs = Cext � Csca, the single-
scattering albedo, v = Csca/Cext, and the asymmetry
parameter defined by

hcosQi ¼ 1

2

Z p

0

dQ sinQa1 Qð Þ cosQ: ð5Þ

[8] We calculate the normalized scattering matrix and the
optical cross sections of fractal-like soot aggregates using
the efficient superposition T-matrix method for multisphere
clusters in random orientation developed by Mackowski and
Mishchenko [1996]. The corresponding computer code is
publicly available at http://www.giss.nasa.gov/	crmim/
t_matrix.html. A detailed description of the underlying
theory can be found in the literature [Mackowski, 1994;
Mackowski and Mishchenko, 1996; Mishchenko et al.,
2002]. In summary, the total field scattered by a multisphere
cluster is expressed as a superposition of individual fields
scattered from each sphere. The external electric field
illuminating the cluster and the individual fields scattered
by the component spheres are expanded in vector spherical
wave functions with origins at the individual sphere centers.
The linear relation between these sets of coefficients
is established via the diagonal individual-sphere transition
(or T) matrices. This procedure ultimately results in a matrix
equation for the scattered-field expansion coefficients of
each sphere. Inversion of this cluster matrix equation gives
sphere-centered transition matrices that transform the
expansion coefficients of the incident wave into the
expansion coefficients of the individual scattered fields
[Mackowski, 1994]. In the far-field zone of the entire cluster,
the individual scattered-field expansions are transformed
into a single expansion centered at a single origin inside
the cluster. This procedure gives the Tmatrix that transforms
the incident-field expansion coefficients into the single-
origin expansion coefficients of the total scattered field
and can be used in the analytical averaging of scattering
characteristics over cluster orientations [Mishchenko, 1991;
Mackowski and Mishchenko, 1996]. The corresponding
FORTRAN code yields all scattering and absorption char-
acteristics of a multisphere cluster in random orientation,
including the extinction, scattering, and absorption cross
sections, the single-scattering albedo, the asymmetry
parameter, and the elements of the normalized Stokes
scattering matrix. The code has been thoroughly tested,
gives very accurate results within the domain of numerical
convergence, and has been extensively used in various
applied science disciplines [Mishchenko et al., 2004b].
[9] The procedure for generating monomer positions in a

fractal aggregate used in this study was developed by
Mackowski [1995, 2005]. This approach is somewhat dif-
ferent from the typically used numerical diffusion-limited
aggregation (DLA) simulations. The basic idea is to con-
struct an algorithm which generates a sequence of random
sphere positions, subject to the constraint that the positions,
at any point in the sequence, identically satisfy equation (1)
for a given k0 and Df. The properties of the aggregates
generated with this algorithm obey the known statistical
relationships of DLA aggregates, yet the positions could be
calculated in a fraction of the time required for DLA
simulations.
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[10] The objective of this paper is to investigate how the
scattering matrices and radiative properties of soot clusters
change owing to variations in their optical and morpho-
logical characteristics. To accomplish this goal, we have
calculated the scattering and absorption properties of soot
aggregates as functions of one of the four cluster geomet-
rical parameters (Df, k0, a, and NS), while keeping the
other three fixed. We have considered the following four
scenarios.
[11] 1. We fixed the prefactor value at k0 = 1.19, the

monomer radius value at a = 0.02 mm, the number of
monomers at NS = 200, and allowed the value of the fractal
dimension Df to vary.
[12] 2. We set Df = 1.82, a = 0.02 mm, NS = 200 and

varied k0.
[13] 3. We set Df = 1.82, k0 = 1.19, NS = 200 and varied

the monomer radius a from 0.005 mm to 0.06 mm.
[14] 4. We set Df = 1.82, k0 = 1.19, a = 0.02 mm and

allowed the aggregates to grow by increasing the number of
spherules NS from 3 to 400.
[15] The Df = 1.82 and k0 = 1.19 are the mean values

obtained by Sorensen and Roberts [1997] in their diffusion-
limited cluster aggregation simulations. The same mean
value of the fractal dimension for soot aggregates was
found by Köylü et al. [1995a] based on their measurements.
However, large discrepancies exist regarding the value
ranges for the fractal prefactor k0, up to 190%, as discussed
by Köylü et al. [1995b].
[16] Note that for each value of Df (or k0), there is only a

finite range of k0 (or Df) values that allows a cluster to be
generated. If the k0 or the Df value goes outside its
respective range, the neighboring monomers may either be

too close and overlap or be too far apart and not in contact.
For Df = 1.82, the acceptable range of k0 values is between
0.9 and 2.1, whereas for k0 = 1.19, the acceptable Df range
is 1.5–2.4.
[17] Experimentally determined diameters of soot spher-

ules range from 10 to 100 nm [Charalampopoulos, 1992].
Some studies have indicated more narrow diameter ranges,
e.g., from 40 to 60 nm [Li et al., 2003]. In any case, the
monomer sizes that we consider essentially cover all the
observed ranges. We value NS = 200 in scenarios 1–3 is
consistent with the mean number of spherules per aggregate
for soot emitted from large buoyant turbulent diffusion
flames in the measurements by Köylü and Faeth [1993].
[18] The computations of light scattering by fractal-like

soot aggregates described by equation (1) were performed at
a visible wavelength l = 0.628 mm. We have used the
following two values of the refractive index to represent
various types of soot aerosols: 1.75 + i0.435 [d’Almeida et
al., 1991] and 2 + i (soot G adopted by Fuller et al. [1999]).
Overall, our choices of model parameters and realization
scenarios appear to be reasonably representative and to
bracket those of real soot aggregates.

3. Results and Discussion

[19] Figure 1 shows fractal-like aggregates for different
fractal dimension, Df, and prefactor, k0, values assuming a
fixed number of spherules NS = 200. Obviously, both
parameters Df and k0 affect the morphology of soot clusters.
As Df increases, the aggregates evolve from chain-like to
more spatially compact structures. The effect of increasing
the prefactor is more subtle, although it also appears to

Figure 1. Fractal aggregates composed of 200 monomers and characterized by different values of the
fractal parameters Df and k0. (a)–(d) Df = 1.5, 1.8, 2.1, and 2.4; k0 is fixed at 1.19. (e)–(i) k0 = 0.9, 1.2,
1.5, 1.8, and 2.1; Df is fixed at 1.82.
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reduce the fluffiness of aggregates and results in more
compact structures.
[20] Since each individual fractal does not possess mirror

symmetry, averaging over the uniform distribution of cluster
orientations does not necessarily guarantee that the scatter-
ing matrix has the block-diagonal structure implied by
equation (3). However, the actual numerical computations
have shown that the scattering matrix elements denoted by
zeros in equation (3) are indeed small in comparison with
those forming the two diagonal 2 
 2 blocks and can
therefore be neglected. The fact that the elements b1(Q) and
b2 (Q) vanish at Q = 0� and Q = 180� is another indication
that the model of a macroscopically isotropic and mirror-
symmetric scattering medium is appropriate even for mono-
disperse soot clusters in random orientation.
[21] Figures 2–5 illustrate the differences in scattering

matrix elements between aggregates with the same refrac-

tive index 1.75 + i0.435 but with varying fractal dimension,
Df, prefactor, k0, monomer radius, a, and monomer number,
NS. It is quite obvious that these scattering characteristics
are sensitive to variations in cluster morphology and strongly
dependent on the overall size, as characterized by Rg (see
equation (1)), and the number of spherules. In particular,
Figure 2 reveals that increasingDf, while keeping k0, a, andNS

fixed, leads to a strong decrease of the phase function at
forward and near-backward directions, consistent with the
fractals becoming more compact scatterers with smaller
geometrical cross sections, but enhances scattering at inter-
mediate angles. The deviation of the ratio a2(Q)/a1(Q) from
unity is amanifestation of the overall nonsphericity of the soot
clusters [Mishchenko et al., 2002]. The degree of linear
polarization for unpolarized incident light, �b1(Q)/a1(Q), is
zero at the exact forward scattering and backscattering angles
and reaches a nearly 100% maximum at Q � 90�, thereby

Figure 2. Orientation-averaged scattering matrix elements versus scattering angle for six increasing
values of the fractal dimension Df. The prefactor k0 is fixed at 1.19, the number of monomers in the
aggregates NS is equal to 200, and the monomer radius a is fixed at 0.02 mm.
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indicating the dominant role of single scattering by the
Rayleigh-sized monomers [cf. West, 1991]. The position of
themaximum slightly shifts toward larger scattering angles as
Df increases and the aggregates become more compact. The
ratio a4(Q)/a1(Q) tends to be greater than the ratio a3(Q)/
a1(Q) at backscattering angles, which is another manifesta-
tion of nonsphericity of the clusters [Mishchenko et al., 2002].
The ratio b2(Q)/a1(Q) for the different values of Df shows
much stronger variations than the other matrix-element ratios
and a significant increase in magnitude at side-scattering
angles for more compact clusters.
[22] The variability of the phase function and the scatter-

ing matrix element ratios with increasing k0 and fixed Df =
1.82, a = 0.02 mm, and NS = 200 is similar but visibly weaker
(Figure 3). This is consistent with the weaker effect of
varying the prefactor on the cluster morphology (Figure 1).
[23] Figure 4 depicts the phase function and the scattering

matrix element ratios for different monomer sizes and fixed

Df = 1.82, k0 = 1.19, and NS = 200. As expected, increasing
the size of the spherules and thus the overall aggregate size
has a major effect on the scattering characteristics. The
a1(0�) value increases by a factor of 30 as a increases from
0.005 mm to 0.06 mm, which is an obvious consequence of
the diffraction peak becoming much stronger. The a2(Q)/
a1(Q) values become smaller as the size of the spherules
increases and drop below90% at backscattering angles for a=
0.06 mm, thereby indicating a stronger effect of non-
sphericity for larger clusters. The a3(180�)/a1(180�) and
a4(180�)/a1(180�) values increase to about �90% and
�80%, respectively, as a increases to 0.06 mm. The
Rayleigh polarization maximum at Q � 90� weakens
with increasing monomer size, which is also an expected
result. Interestingly, the phase function curves become
noticeably oscillating as the monomer size approaches
0.06 mm, especially at side-scattering angles, thereby
marking the onset of resonance effects.

Figure 3. As in Figure 2, but for seven increasing k0 values. The other fractal parameters are fixed and
are as follows: Df = 1.82, NS = 200, and a = 0.02 mm.
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[24] Finally, Figure 5 shows the phase function and the
scattering matrix element ratios as functions of NS for fixed
Df = 1.82, k0 = 1.19, and a = 0.02 mm. Increasing the
number of monomers in an aggregate significantly affects
the phase function, but not the ratios a2(Q)/a1(Q), a3(Q)/
a1(Q), a4(Q)/a1(Q), �b1(Q)/a1(Q), and b2(Q)/a1(Q). The
latter observation demonstrates again the dominant role of
single scattering by spherules in forming the matrix element
ratios for an entire cluster consisting of subwavelength-
sized components.
[25] Overall, the angular scattering properties of the soot

aggregates appear to be a peculiar mix of those of wave-
length-sized particles (the phase function) and Rayleigh
scatterers (the ratios a2(Q)/a1(Q), a3(Q)/a1(Q), a4(Q)/
a1(Q), and �b1(Q)/a1(Q)) [cf. West, 1991]. One may
therefore be tempted to draw an analogy between soot
fractals and Rayleigh–Gans scatterers. However, the ratio
b2(Q)/a1(Q) represents a notable exception and does not

disappear, as it would in the case of true Rayleigh–Gans
scattering. In fact, it is the most variable ratio of scattering
matrix elements and can, potentially, be used in laboratory
studies for characterizing the morphology of soot aggre-
gates. The angular patterns of the scattering matrix ele-
ments computed for the same clusters but with the
refractive index 2 + i are rather similar and will not be
discussed specifically.
[26] Figure 6 demonstrates the differences in the integral

radiative characteristics: the ensemble-averaged mass-
specific extinction, Cext/m, scattering, Csca/m, and absorp-
tion, Cabs/m, cross sections, the single-scattering albedo v,
and the asymmetry parameter hcos Qi; here m is the mass of
a soot cluster. In other words, the mass-specific extinction,
scattering, and absorption cross sections are defined as the
extinction, scattering, and absorption cross sections per unit
mass of soot. The specific density for real soot particles
varies from about 0.625 to 2.25 g/cm3 [Fuller et al., 1999].

Figure 4. As in Figure 2, but for different monomer sizes. The other fractal parameters are fixed and are
as follows: Df = 1.82, k0 = 1.19, and NS = 200.
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However, for the sake of simplicity, we have adopted a
constant value 1 g/cm3. The thick and thin curves in
Figure 6 represent the results computed for the soot
refractive indices 1.75 + i0.435 and 2 + i, respectively.
Figure 7 depicts the ratios of Cext, Cabs, Csca, v, and hcos
Qi for soot aggregates to those predicted by the external-
mixing approximation (i.e., assuming that there is no
electromagnetic interactions between spherules forming a
cluster and that each spherule scatters and absorbs only the
external incident light).
[27] Obviously, the refractive index is an important

parameter strongly affecting integral radiative properties
of soot aggregates. Indeed, changing the latter from 1.75 +
i0.435 to 2 + i can more than double the scattering optical
cross section and increase significantly the other two cross
sections. On the other hand, it has negligible effect on the
asymmetry parameter, which is not surprising since the
latter is mostly determined by the cluster size and mor-

phology. The mass-specific extinction cross section com-
puted for the refractive index 1.75 + i0.435 appears to be
in better agreement with laboratory measurements for
combustion-generated aerosols [Mulholland and Croarkin,
2000; Widmann et al., 2005] than that computed for the
refractive index 2 + i (Figure 6).
[28] The mass-specific extinction and scattering cross

sections increase steadily with Df, k0, and NS. Of the four
fractal geometrical parameters, the monomer size appears to
have the strongest effect on the specific extinction and
scattering cross sections.
[29] Our results vividly show that aggregation can result

in a rather significant enhancement (sometimes exceeding
60%) of extinction and scattering relative to the case of
independently scattering spherules [cf. Quinten, 1999].
However, the most profound effect of aggregation is on
the single-scattering albedo and the asymmetry parameter
as well as on the scattering cross section (Figure 7). On

Figure 5. As in Figure 2, but for seven increasing NS values. The other fractal parameters are fixed and
are as follows: Df = 1.82, k0 = 1.19, and a = 0.02 mm.
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one hand, both v and hcos Qi are very close to zero for
the individual small spherules, which is a typical trait of
absorbing Rayleigh spheres. On the other hand, the single-
scattering albedo and the asymmetry parameter for the
aggregates have values representative of wavelength-sized
scatterers. The relative enhancement of extinction caused
by aggregation increases with increasing number of spher-
ules until it saturates at NS 	 100 and is a nonmonotonous
function of the monomer size. Overall, the enhancement of
absorption for aggregates consisting of the same number of
equal-sized spherules is not a strong function of Df and k0,
although one can see a slight decrease with Df or k0 for
clusters with refractive index 2 + i. On the basis of the
results presented in Figure 7, one should not expect an
enhancement in the absorption efficiency for soot clusters
over that for unagglomerated soot spherules exceeding
30%. The same conclusion was previously derived by
Fuller et al. [1999].

4. Concluding Remarks and Future Work

[30] Our analysis of the T-matrix results for multisphere
soot clusters in random orientation demonstrates unequiv-

ocally that the effects of aggregation and the fractal
morphology, size, and refractive index on the extinction,
scattering, and absorption properties of soot aerosols can
be quite significant. In particular, aggregation can result in
an enhancement of soot absorption exceeding 25%, an
even greater enhancement of extinction, and a much
greater enhancement of scattering. The single-scattering
and asymmetry-parameter enhancements can be signifi-
cantly greater than a factor of ten. The nearly isotropic
Rayleigh phase function for individual spherules also
evolves into a (strongly) forward scattering phase function
representative of wavelength-sized scatterers. These results
suggest that the aggregate structure of soot aerosols should
be explicitly taken into account in remote sensing and
radiation balance applications.
[31] Although our computations are extensive and repre-

sentative, they are by no means exhaustive. For example, it
would be interesting to analyze the variability of scattering
and absorption characteristics of soot clusters when two or
more fractal geometrical parameters are changed at a time.
Also, in this study we computed electromagnetic scattering
and absorption for only one realization of an aggregate
rendered by the fractal-particle generator for given Df, k0,

Figure 6. Integral extinction, scattering, and absorption characteristics of different fractal soot
aggregates.
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and NS values, whereas it would be interesting to average
the results over several such realizations obtained for the
same fractal parameters [e.g., Mackowski, 2005; Riefler et
al., 2004]. Finally, our analysis is limited to soot aggregates
composed of monodisperse monomers. Since some aerosol
species, e.g., nonabsorbing sulfate and weakly absorbing
dust particles, tend to aggregate with soot aerosols, we plan
to study the effects of aggregation on the scattering and
radiative properties of clusters with polydisperse compo-
nents and multiple monomer types, thereby extending the
studies by Fuller et al. [1999] and Mishchenko et al.
[2004c].
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Videen and an anonymous reviewer. This research was funded by the
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NASA Glory Mission Project.
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